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Introduction and primary results
In Euclidean geometry, a bicentric quadrilateral is a convex quadrilateral that has both a circumcircle passing through the four vertices and an incircle having the four sides as tangents. In this work, we consider a bicentric quadrilateral with rational sides, and discuss the problem of finding such quadrilaterals where the ratio of the radii of the circumcircle and incircle is rational. The radii of these circles are denoted by R and r respectively. Examples of bicentric quadrilaterals are squares, right kites, and isosceles tangential trapezoids.
First, we briefly recall some basic facts concerning these objects. Let ABCD be a convex quadrilateral with sides of rational length a, b, c, d in anti-clockwise order. It is bicentric if and only if the opposite sides satisfy Pitot's theorem and the opposite angles are supplementary, that is, s = a + c = b + d, ∠A + ∠C = ∠B + ∠D = π, where s is the semi-perimeter.
In addition, we have as the radii quotient, and look for N ∈ Q + . From the Tóth inequality, we have N ≥ √ 2 (see [17: p. 5] ). The equality holds only when the quadrilateral is a square. This shows that there is no square with rational N . Using the above formulae, it is straightforward to check that there is no rectangle, rhombus, or kite with this condition. This motivates us to search for other quadrilaterals with rational values of N . Proposition 1.1. There are infinitely many isosceles trapezoids with N ∈ Q.
P r o o f. Assuming a = c gives d = 2b − a and (1.1) can be written
Defining x = b/a means that we look for rational points on the quadric
There is a clear rational point at (0, 1), and the line y = 1 + kx meets the quadric again at
Taking a = k 2 + 1, b = 2 − 2k gives c = k 2 + 1, d = 2k 2 + 2k and s = 2k 2 + 2, so assume 0 < k < 1 which gives strictly positive a, b, c, d, and
if we take the correct square-root. It is straightforward to show that this gives
This paper is organized as follows. In Section 2, we show that a given bicentric quadrilateral, with N rational, leads to a member of a family of elliptic curves, denoted by E a , dependent on a single side. We also discuss the torsion subgroup of E a (Q), which is either Z/8Z or Z/2Z × Z/8Z.
In Section 3, we give several subfamilies of E a having strictly positive rank, and show that there exist infinitely many elliptic curves with rank at least two, parametrised by the points of an elliptic curve with rank at least one. Finally, we exhibit five examples of elliptic curves with rank 5 having torsion subgroup Z/8Z.
In Section 4, we provide a complete parametrisation of those a for which E a has torsion Z/2Z × Z/8Z. We give, explicitly, the known 27 rank-three curves which have this parametrisation ( Table 2 , [4] ).
These results are of particular interest due to the recent appearance of curves with predetermined torsion subgroup Z/8Z and Z/2Z × Z/8Z in a wide variety of investigations. See [10] , [9] , [11] , [12] , [6] given in the chronological order of discovery.
Elliptic curves arising from bicentric quadrilaterals
Since scaling all the edges by the same factor does not affect R/r, we can assume, without loss of generality, that d = 1, which gives b = s − 1 and c = s − a, so
− 4a(a + 1)(a 2 + a + 1)s + 4a 2 (a 2 + 1).
Defining t = y/(a + 1) and s = x/(a + 1), gives the quartic in a standard form
In [15] , Mordell shows that such quartics are birationally equivalent to an elliptic curve, and gives an algorithm for determining the elliptic curve from such a quartic. Applying this algorithm shows that the corresponding curve is
which has discriminant ∆ = 4096a 8 (a + 1) 2 (a − 1) 4 (a 2 − 6a + 1).
The transformations from the elliptic curve to the quartic (2.1) are
The reverse transformations are
and v = 2(a + 1)(2s 3 (a + 1) 2 − 3s 2 (a + 1) 3 + 2st(a + 1) + s(a 4 + 8a 3 + 10a 2 + 8a + 1) − t(a + 1) 2 − 2a(a + 1)(a 2 + a + 1)).
As an example, a simple search finds the rational quadrilateral with integer sides {a, b, c, d} = {21, 28, 12, 5} which gives N = 99/40. Scaling so that d = 1 gives a = 21/5 and s = 33/5, which gives t = 10584/125. The elliptic curve E a is
Formula (2.4) gives u = 1764 and, substituting into the elliptic curve, we have v = ±366912/5. The elliptic curve has a torsion point (84/5, 34944/125), and adding this to (1764, 366912/5) gives u = 756/125 and v = 532224/3125. Using (2.3), we find s = 69/13 and, after scaling, the quadrilateral with {a, b, c, d} = {273, 280, 72, 65}.
Note that the reverse process does not always give a real-life quadrilateral. The above curve also has a torsion point at (1764, 451584/625). Adding this to (1764, 366912/5) gives u = 9604/225 and v = 7990528/16875. This gives s = 367/135, but c = −40/27.
We remark that, in the spirit of MacLeod's work in [13] , it is natural to seek integer N 's. But, preliminary computer searches did not yield any integer values for N .
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The elliptic curve E a clearly has at least one torsion point of order 2 at (0, 0). Numerical tests suggest that the torsion subgroup is isomorphic, in general, to Z/8Z, and, in rare cases to
There are points of order 4 at (4a 2 , ±4a 2 (a − 1) 2 ), and order 8 at (4a, ±4a(a 2 − 1)) and (4a 3 , ±4a 3 (a 2 − 1)).
The above birational transformations, together with the torsion points, lead to Theorem 2.1. All rational bicentric quadrilaterals with rational N correspond to rational points on E a for some a > 0, where E a will have strictly positive rank.
As we saw above, not all rational points on E a lead to real-life quadrilaterals with all sides strictly positive. We can assume, without loss of generality, that a > 1, so we need s > a to ensure c > 0.
From (2.3), we thus require
The line v = (a 2 − 1)u passes through the origin and two of the points of order 8, (4a, 4a(a 2 − 1)) and (4a 3 , 4a 3 (a 2 − 1)), and these are the only intersections. Thus, from the geometry, we have s > a if 0 < u < 4a and u > 4a 3 , and v > 0. Also, if a > 2 √ 2 + 3, the curves E a will have two components. The line will lie below the finite component, so any point on this component will lead to s < a since u < 0.
The equation
showing that the extra points of order 2 occur when a 2 − 6a + 1 is square [20: p. 77], for instance one can take a = 6. Numerical tests show that E a often has rank 0. The first rank-one curve, with a ∈ Z, is obtained for a = 10, namely y 2 = x 3 + 5761x 2 + 160000x, with generator G = (−32, −864), according to SAGE [18]. None of the points G ± T, where T is a torsion point give rise to an appropriate quadrilateral. The point 2G = (8464, −1010160) and if we take u = 8464, v = 1010160 we have the solution s = 2764/253, which after scaling leads to a = 2530, b = 2511, c = 234 and d = 253, and N = 21437584/3753945. We devote the discussion on the positive rank curves to the next section.
Ranks of E a with torsion subgroup Z/8Z
As mentioned earlier, elliptic curves with torsion subgroup Z/8Z have appeared in a wide variety of contexts in recent years. Writing the curve in the form y 2 = x 3 + Ax 2 + Bx is a convenient way to seek for candidates for rational points of infinite order. Basically, the x-coordinates should be either divisors of B or rational squares times these divisors. In this way, we describe eight rank-one subfamilies of (2.2), along with the existence of infinitely many elliptic curves of rank at least two. Then, from the subfamilies of rank at least one, we derive five curves of rank 5.
ON PARAMETRIC SPACES OF BICENTRIC QUADRILATERALS

Existence of positive rank elliptic curves.
Our computations show that there are many elliptic curves E a of positive rank where their torsion subgroups are Z/8Z. For instance, if x 1 = −a 3 was to be the x-coordinate of a point P on E a , we would need to find a rational b such that
There is a rational point (0, 1) on E, and hence E is equivalent to an elliptic curve. Using standard methods of transformation, E is isomorphic to
with the transformation a = 15p + 2q + 1170 12p − 819 .
The curve E has rank 2 with generators (−38, 128) and (−24, 405) and torsion subgroup Z/3Z, with finite torsion points (12, ±675). There are thus an infinite number of rational points on E and hence an infinite number of values of a giving E a of rank at least one. For example, (−24, 405) gives a = −60/41 and b = ±11431/1681. In a similar way, one readily can achieve similar results by considering the points with xcoordinates such as ka for (k, ) = (2, 0), (8, 0), (1, 2), (2, 2), (8, 2) , (2, 4) , (8, 4) , (±1, 1), (±2, 1), (±8, 1), (−16, 1), (±16, 2), (−1, 3), (±2, 3), (±8, 3), (±16, 3).
Subfamilies with rank ≥ 1.
We used computer programs to hunt for points on (2.2) which will give a rational point subject to a quadratic being a square. These can be parametrised in the usual way. The points and parametrisations are exhibited in Table 1 . Table 1 . Rank-one subfamilies with torsion subgroup Z/8Z
Subfamily Number
x Parametrisation for a 1 4
We give only the details of the first rank-one subfamily, and leave the details of the remainder to the reader.
Let us consider the number 4 to be the x-coordinate of a point P on E a . This leads us to seek a rational b such that 5a 2 + 6a + 5 = b 2 . Using (a, b) = (1, 4), we achieve the parametric solution a = k 2 − 8k + 11 k 2 − 5 .
For these values of a, the corresponding curves can be written as
once we clear the denominators.
There is no rational value of k which makes B(k) = 0, so the only problems come from repeated roots for the cubic. We have
so that we get a non-singular elliptic curve for rational k = 1, 2, 3.
The elliptic curve E k contains the point
By Mazur's theorem [20: Theorem 8.11], one can easily check that P is not a torsion point. Alternatively, it can be shown using a specialisation argument, since the specialisation map is a monomorphism. For k = 15, the elliptic curve E k turns into
with P = (2342560000, 82832921600000). The regulator of this point is 5.26519671335323 showing that the point has infinite order. Hence, by the specialisation theorem of Silverman [19: Theorem 20.3], rank is ≥ 1 for all but finitely many rationals k. Using [7: Theorem 1.3], we now show that the generic rank of (3.1) over Q(k) is (exactly) one. To do this, it suffices to see that k = 15 satisfies the condition (A) of the theorem. Keeping the notation of the theorem, the curve (3.1) factors as y 2 = (x − e 1 )(x − e)(x −ē), where e 1 = 0 and
leading to
. It can easily be seen that the condition (A) of the theorem holds for k = 15, showing that the specialisation map at k = 15 is injective.
Similarly, the specialisations at k = 5, 16, 6, 13, 6, 8, 8 satisfy the condition (A) of the theorem, respectively, for the subfamilies 2-8 in Table 1 , which shows the corresponding specialisation maps at these values are injective. Notice that all these specialised curves have rank one. Now, we show that Lemma 3.1. Torsion subgroup of E k , T , is generically isomorphic to Z/8Z. P r o o f. Clearly, the curve E k has 2-torsion point at T 1 = (0, 0). There will be other points of order 2 if A 2 (k) − 4B(k) = , which reduces to
having rational solutions. Cremona's RATPOINT program shows the the quartic is not locally soluble at the primes 2 and 3, so there is only ever one point of order 2.
Since the original elliptic curve E a has points of order 4 and 8, and we are just making rational transformations E k also must have points of these orders. The presence of only one order 2 point means that the torsion subgroup of E k must be Z/8Z.
Infinitely many curves of rank ≥ 2
The current record for the rank of infinite families of elliptic curves with torsion Z/8Z is ≥ 2, while the record for the rank of infinitely many curves with the same torsion is ≥ 3 (see [3] ). Here, on employing the notion of bicentric quadrilaterals, we show that there exists infinitely many elliptic curves (with torsion subgroup Z/8Z) of rank at least two, parameterised by rank-one subfamilies. For this, we use two methods. The first method rests on [11] , while the second one is based on method of Mestre.
We begin by giving details of the first method leading to an infinitude of curves of rank ≥ 2 in the Number −1 and −5 subfamilies in Table 1 .
Consider the equation a 1 = a 5 , i.e.,
which we show has infinitely many rational solutions. Considered as a quadratic in s, the resulting discriminant has to be a rational square, so
for some R ∈ Q. But this is equivalent to the rank-one elliptic curve E : y 2 − 12xy − 8y = x 3 − 6x 2 + 124x − 744 being generated by (−18, −96). Now, by the specialisation theorem, it is sufficient to show the independence of the points with x-coordinates Q 1 = 4 and Q 2 = a 4 + 4a − 1. For this, we take (x 0 , y 0 ) = (−366/25, −9632/125) on E, then r = 28/15 and a = 101/341. Then the points of infinite order P 1 = (4, 879360/116281),
are independent on the elliptic curve
since the corresponding regulator has value 29.1615800873524. Similar results can be obtained for other combinations from Table 1 . The following pairs of the subfamilies also lead to infinitely many elliptic curves of rank at least two: (i, j) = (1, 8), (2, 5) , (2, 7) , (3, 4) , (3, 5) , (3, 8) , (4, 5) , (4, 6) , (4, 7) , (4, 8) , (5, 7) , (6, 8) .
By using the fifth rank-one family exhibited in Table 1 , we can also get infinitely many curves of rank at least two. The family can be written as:
Suppose we wish a point with x-coordinate −(k 2 − 1) 2 (k 2 − 4k + 5) 2 . This leads to the quartic −k 4 + 4k 3 − 16k + 14 having to be a square. This quartic is equivalent to the rank-one curve y 2 + 80y = x 3 − 18x 2 + 100x − 1800, being generated by (15, −15) . An argument as above shows the independence.
We can do the same for the associated curvē
. This map, as a group homomorphism (i.e. isogeny), carries the rational points ofĒ a (Q) into the rational points of E a (Q). We note that, by the same procedure, a mapĒ a →Ē a ∼ = E a is defined. This intimate relation between E a andĒ a makes it natural, if one is studying E a , to also studyĒ a . Now, let
be the x-coordinate of a point on the curveĒ a . We must have b ∈ Q such that −a 2 + 4a + 1 = b 2 . This is equivalent to choosing a = −2 k − 2 k 2 + 1 .
For these values of a, the corresponding curvesĒ a can be written as
and the curveĒ k has the point of infinite order
as the x-coordinate of a new point onĒ k , requires
for a K ∈ Q. Since this latter equation has a solution (k, K) = (1, 4), and has nonzero discriminant, it is equivalent to the rank-one elliptic curve
Now, a similar argument as given in the start of this section based on the specialisation theorem shows the existence of infinitely many curves of rank at least two.
Remark 1. We say that the set of points P i = (x i , y i ) on the curve E, for i = 1, 2, . . . , , forms a length geometric progression if the sequence x 1 , x 2 , . . . , x forms a geometric progression. Obviously, the curve E a , for any a, contains the points with x-coordinates 4a i , 1 ≤ i ≤ 3 forming a length-three progression. The subfamily E a with a = (k 2 − 8k + 11)/(k 2 − 5) has the points with x i = 4a i , 0 ≤ i ≤ 4 forming a length-five geometric progression. The subfamily E a with a = (k 2 − 2k + 2)/(k 2 + 2) also possesses the same property. Notice that this latter subfamily has infinitely many k's for which E a is of rank at least one. In fact, imposing 4 to be the x-coordinate of a point implies that the quartic K 2 = 4k 4 − 8k 3 + 21k 2 − 16k + 16 must have infinitely many solutions. But it has a solution, (k, K) = (0, 4) for example, hence it is equivalent to the cubic y 2 + xy = x 3 − 17x − 23 whose rank is 1.
Ranks of E a with torsion subgroup Z/2Z × Z/8Z
In the previous section, we studied the possible ranks of E a where the torsion subgroup was Z/8Z. In this section, we provide a complete parametrisation of those a for which E a has torsion subgroup Z/2Z × Z/8Z. We also derive twenty-seven known curves, with this torsion subgroup, which have rank 3. The rational quadric a 2 − 6a + 1 = b 2 has the simple solution (0, 1), and the line b = 1 + ka meets the curve again when a = 2(k + 3) 1 − k 2 which is a parametrisation of those a having 3 rational points of order 2.
Substituting k = 2r − 1 gives the stated result. From this, we refer the reader to [1, 5] to see what is known concerning the ranks of curves with prescribed torsion subgroup Z/2Z × Z/8Z.
We close this section by listing, in Table 2 , the known 27 rank-three curves which come from the family E a , with a defined as in Theorem 4.1 (see also [4] ). 
